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Abstract
We investigate (4+1)- and (5+0)-dimensional gravity coupled to a
non-compact scalar eld sigma-model and a perfect fluid within the
context of the Randall{Sundrum scenario. We nd cosmological solu-
tions with a rolling fth radius and a family of warp factors. Included
in this family are both the original Randall{Sundrum solution and the






There has been recent interest in modelling the Randall{Sundrum scenario
[1] with a scalar eld [2] and investigating the underlying cosmology [3].
The scalar eld depends on only the fth dimension and, when coupled to
4+1 gravity, yields a static metric with a warp factor determined by the
scalar superpotential. On the other hand, the BDL model [4] is a non-
static generalisation of the original model which, however, results in non-
standard cosmology on the brane. Modelling BDL with bulk scalar elds
is straightforward, provided conservation of the energy on the three-brane
and, separately, in the bulk is assumed. Gravity is then localised in the fth
dimension in the vicinity of the 3-brane, which presumably is \our world"
and which is tailor-made for Standard Model Quantum Field Theory.
In this letter we investigate cosmological solutions of gravity coupled to a
non-compact scalar eld multiplet and we let these scalar elds be part of a
bigger picture, that is, possible interaction with the Standard Model elds on
the brane. To do this we allow the scalar elds to depend on time as well as
the fth dimension, which we take to be non-compact. Consequently, energy
(conserved in all ve dimensions) is transferred between the brane and the
bulk. To generalise the solutions and give interpretations, we also consider
a bulk perfect fluid. Unlike other authors [5], the pressure and density are
non-zero o the brane | indeed, this is necessary if one is to have a separable
metric, that is, the metric components factorise into a warp factor times a
function of time. We nd a time-dependent metric with rolling fth radius
and a family of warp factors that includes both the original Randall{Sundrum
solution and the self-tuning solution of Kachru, Schulz and Silverstein [6].
Conventional cosmology is also obtained.
It may appear somewhat unnatural to have an indenite sigma-model metric
since some of the scalars then have \wrongly-signed" kinetic terms. However,
such scalars have been considered before in the literature. Within the context
of 4+1 gravity they descend from vector elds upon dimensional reduction
along a timelike direction of a higher dimensional \two-time" theory [7] and
[8], whilst in d+0 dimensions they are interpreted as axions after dualisation
of a (d−1)-form eld strength [9], [10] and [11].
1 The Model
We shall present our calculations in (4 + 1)-dimensional spacetime and only





















Here, g(4) is the pull-back of g
(5)
 to the (thin) domain wall taken to be at
r = 0. Gij is a metric of signature (+;−). The \correctly-signed" scalar,
1, may be interpreted as the dilaton and the \wrongly-signed" scalar, 2,
is axionic. It is possible, [10], to consider a non-trivial coupling between the
two by taking Gij = diag(+1;−e1), but for the purposes of this letter we
shall set  = 0.
We assume a separable metric
ds2 = −e−A(r)dt2 + e−A(r)g(t)(dx2 + dy2 + dz2) + f(t)dr2 (3)
and scalars of the form
i(t; r) = ai  (t) + bi (r) ; (4)






6= 0 : (5)




















We also introduce a perfect fluid via its energy{momentum tensor:
~T = diag( ~Ttt; ~Txx; ~Txx; ~Txx; ~Trr): (7)












































@t   @t  − 2 ~Ttt = 0 ; (9)
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+ 2 @t   @r = 0 : (13)
Here ( ~T)t denotes the time-dependent part of ~T and:
~Ttt(t; r) = ( ~Ttt)t + R(r) ; (14)
~Txx(t; r) = ( ~Txx)t − g(t)R(r) ; (15)
( ~Trr)t = e
A(r) Y (t) : (16)
All functions are to be determined.







(r) = 0 (17)
result in the following bulk equations:
( ~Trr)r = 0 ; (18)
R(r) = 0 ; (19)
@t (f
1=2g3=2@t ) = 0; (20)
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Note that a  b 6= 0 because we assume _f 6= 0.


















Inserting (22) into (12) gives the form of the potential U():




A02 (1− b  b) : (25)
We can express the domain wall potential V () (r) as V ()(r) =
V0f(t)
−1=2(r). Substituting this, (22) and (25) into (10) yields the following
options for A(r) and V0:
1. If b b = 0, we nd A(r) = 2kjrj, where  = 1. Then V0 = 12k−2.
 = −1 is the RS1 solution and  = +1 is the RS2 solution [12]. We get
localisation of gravity at r = 0 for RS2, whilst RS1 is a potential solution to
the hierarchy problem.
2. If b  b 6= 0, we nd A(r) =  ln(kjrj + 1) where  = − 1
2bb and
V0 = −3k2bb : If b  b is positive, then this represents the self-tuning solution
of Kachru, Schulz and Silverstein [6]. As observed in [13] and [14], gravity is
not localised at r = 0 if k > 0 but is so for k < 0. However, there are then
naked singularities at jrj = −1=k whose interpretation is open to question.
By contrast, b  b negative with k positive is a new solution localising gravity
at the origin.




















. Note that A02(0) is well-dened even though A0(0) is not.
It can now be veried that (21) is equivalent to (10) in the bulk whilst (24)
yields no further information.
The Cosmology




f(t)−1=2 g(t)−3=2 : (28)
Using (23) we get that f(t) and g(t) are related via the following equation:
_f(t)
f(t)1=2
=  g(t)−3=2 ; (29)
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where  = −4abp
6
: Adding equations (9) and (11) gives:









(e−A ~Trr − f ~Ttt) = 0: (30)
Multiplying (9) by two and substituting into (8) gives:
_g2 + 2gg¨ +
_f
f
_gg − 22g2 ~Ttt + 22g ~Txx = 0: (31)
Comparing (30) and (31) we get:






~T rr ; (32)
where ~T  = diag(−; p; p; p; P ) with  the density and p and P the pres-
sures in the x; y; z and fth dimensions respectively. The preferred coordinate
system (3) is taken as the rest frame of the fluid. We see that if  and p
are zero in the bulk then so too is P . This is in contrast to the situations
presented in [5].
We now assume the standard equation of state ~T rr = −! ~T tt: This gives
~T xx = −13(1 + 2!) ~T tt and (30) becomes:






2g2e−A(1− !) ~T tt = 0 : (33)
On the other hand, raising indices in (9) and (11), taking account of (23)












g2 = 0: (34)
Comparing (33) and (34), one may immediately conclude that ! = 1, that
is,  = p = P .









= 0 ; (35)
yielding fg _g2 = constant. Taken together with (29), it can be easily veried






= 0 ; (36)
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( =const), whose most general solutions are either power law, f  tq, or
exponential (inflationary), f  eγt, with q and γ arbitrary. The solutions for
g(t) are g  t(2−q)=3 and g  e−γt=3 respectively.


















(ab)2  −2 then  is non-negative for all q and all γ. Dening
the scale factor and Hubble constant as per usual by a2(t) = g(t) and H =
_a=a, it is easy to see that we obtain conventional cosmology, H2 / , for
both the power law and exponential cases.
The Euclidean Case
The only essential dierence between the 5+0 case and the 4+1 case consid-
ered above is that ~T  flips sign. This changes the sign of  in (37) but one
can still choose a  a appropriately so as to obtain conventional cosmology.
3 Discussion
We note in passing that the scalar eld equations of motion, (17), imply that
r T (0) = 0 (and conversely o the brane only). This, in turn, implies that
the fluid equation of motion r ~T  = 0 is automatically satised. In this
sense, the same results in the bulk can be obtained from Einstein’s equations
and the perfect fluid \conservation of energy" condition r ~T  = 0.
It may seem a bit unusual to consider a non-static fth radius (some au-
thors [15] give arguments against rolling dilatons). We would like to present
an intuitive argument in favour of our choice. Consider a ve-dimensional
spacetime with Robertson{Walker metric:
ds2 = −dt2 + g(t)

dx2 + dy2 + dz2 + dR2

: (38)





and perform a conformal transformation of the metric:
ds2 ! e−A(r) ds2: (40)
Then the metric becomes:
ds2 = −e−A(r)dt2 + e−A(r)g(t)(dx2 + dy2 + dz2) + g(t)dr2 (41)
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The warp factor of the conformal transformation violates the symmetry be-
tween the four spatial coordinates. Zel’dovich [16] gives arguments that any
universe will become isotropic with time and non-isotropic expansion causes
particle creation. To avoid particle creation in the bulk one could restore
isotropy by \untwisting" the fth dimension with another warp factor, i.e.
replacing g(t) by another function of time, f(t), such that the four spatial
dimensions are still isotropic.
We can still have scalar elds depending on the brane coordinates even if we
have a static fth radius. In this case we can introduce a viscous fluid (a
time-space component in its energy-momentum tensor ~T would be a momen-
tum or energy flux, while a space-space component would mean that the fluid
is sustaining some shear force). We can then have scalar elds depending
on all ve coordinates and the model has to be adjusted so that the sum of
the energy-momentum tensors of the scalar elds and the fluid amounts to
purely diagonal Einstein’s tensor.
One of the main results in this letter is the form of the distribution of the per-
fect fluid. Equation (37) implies that if gravity is localised near the brane,
then the density grows when we go o the brane. In addition, we have a
perfect fluid, distributed in all ve dimensions. Of course, this is a sub-
ject of discussions and interpretations. This fluid serves as some sort of a
gravitational mirror | any matter trying to leave the brane would meet the
resistance of growing density and pressure and would be forced back. The
distribution of matter o the brane is not a choice we make | it comes as
a computational must. A delta-function in front of the brane part of ~T can-
not be sustained in our model | as noted in the text, the equations in the
bulk would imply vanishing pressure in the fth dimension and this, in turn,
would imply wrong cosmology.
Considering a thick brane (in Lorentzian or Riemannian signature) within
our model is straightforward. Thickening the brane requires only smearing
the delta function in the domain wall potential by expressing it as a limit









From our analysis it is clear that there is invariance under f ! −f after
taking into account the sign change in the determinant of g(5) . Thus one can
make the fth dimension timelike rather than spacelike. Such a possibility
was alluded to in [17] and [18].
Finally, it would be interesting to see if our model(s) can be embedded in
ve-dimensional Lorentzian or Euclidean supergravity, as has recently been
done for the minimal Randall{Sundrum model in 4+1 dimensions [19].
∗We are grateful to Brian Dolan for discussions on this point.
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